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ON THE INVERSE SPECTRAL THEORY
OF SCHRODINGER AND DIRAC OPERATORS

MIKLOS HORVATH

ABSTRACT. We prove that under some conditions finitely many partially
known spectra and partial information on the potential entirely determine
the potential. This extends former results of Hochstadt, Lieberman, Gesztesy,
Simon and others.

1. INTRODUCTION

Consider the Schrodinger operator

(1.1) —y"+q@)y =Xy on (0,m)
with the boundary conditions

(1.2) y(0)cosa + ' (0)sina = 0,
(1.3) y(m) cos B+ y'(m)sin 8 = 0,

where g € L1(0, 7). The eigenvalues of (1.1)—(1.3) form the sequence
Ao <A1 <....

Given a complex value A define y(z, A) as the solution of (1.1) with the initial
conditions

(1.4) y(0) =sina, ¢'(0) = —cosa.

For A = A, y(x, \y) is the eigenfunction of (1.1)—(1.3) corresponding to the eigen-
value \,. Introduce the normalizing constants

aiz/ y%(x, A )de.
0

The spectral function of the problem (1.1)—(1.3) is defined to be

L if A>0,
15 N = 0<m<A "
(1.5) oN=1_"% L i A<
A< <0 n
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A fundamental result of Marchenko [I2] says that the spectral function de-
termines the potential. A similar statement was given by G. Borg [2] on the
Titchmarsh- Weyl m-function of the problem (1.1)—(1.3) as defined by

v'(0,\)
1. =
(16) moy =04 ec,
where v(z, A) is the solution of (1.1) with the initial conditions
(1.7) v(m,A) =sin3, '(m,\) = —cosf.

More precisely, let ¢*(z) be another potential and denote ¢* and m* the corre-
sponding functions. Then the two results together can be formulated as

Theorem 1.1 ([2], [12]). a) If o*(\) = o(\) for A € R, then ¢*(z) = q(z) a.e.
in (0, 7).
b) If m*(A) = m(A) for A € C\R, then ¢* =q a.e. in (0,m).
The two statements are connected since m and p can be expressed from each

other (see e.g. [9]).
Now consider the eigenvalue problem corresponding to the Dirac operator

uy + (V@) + p) ur = M

(1.8) on (0,7)

—uy + (V(z) = p) uz = Auz
with the boundary conditions
(1.9) u1(0) cos @ + u2(0) sina = 0,
(1.10) up(m) cos B+ ug(m)sin f = 0.
Here we suppose that the potential V(z) is continuous on [0, 7] and the mass p is
positive. The Dirac operator is the relativistic Schrodinger operator in quantum

physics. The spectral function of the problem (1.8)—(1.10) is again defined by (1.5)
with

o2 = / [ui}l(x, An) + ufw(x, )\n)} du, n € 7,
0
where (un,1(x, A), un2(x,A)) is the solution of (1.8) with the initial conditions
(1.11) Un,1(0, ) =sina, un,2(0,\) = —cosa.
The relativistic version of Theorem 1.1

Theorem 1.2 ([9], [13]). Let o* be the spectral function corresponding to the data
V*, p*, oF and B* instead of V, pu, o and 8. If o* = o, then V* =V, pu* =
W, tan o® = tan a, tan §* = tan 3.

Furthermore define the m-function as

v2(0,2)
1.12 A) =
(112) my) = 255
where (vi(z, A), va(x, A)) is the solution of (1.8) with the initial conditions
(1.13) vi(m, A) =sin f, va(m, A) = —cos .

Establishing the appropriate equation connecting o and m, we get

Theorem 1.3. If m*(\) = m(\), then V* =V, u* = p and tan 8* = tan g.
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Returning to the Schrédinger operator, it is known from Borg [1] that two spectra
(defined by the boundary conditions (1.2)—(1.3) with a1,8 and a9, ) determine
the potential q. Hochstadt and Lieberman [7] proved that if half of the potential is

known, then one spectrum is enough:

Theorem 1.4 ([7]). Suppose that cosa # 0 and that ¢* = q a.e. on (0,%). If the
spectrum of (1.1)—(1.3) of q and of ¢* is identical, then ¢* = q a.e. on the whole
(0,7).

Gesztesy and Simon [5] showed that more information on the potential can com-
pensate for less information on the spectrum in the following sense:

Theorem 1.5 ([5]). Let 0 < v < 1 and suppose that ¢* = q a.e. on (O, Tw),
tan 8% and tan 8 # oo, tana™ = tana # co. Denote S = { A\, : Al = A\, }. If

(1.14) #{AeS: A<t} 2 A —)#{ A <to} + /2
for all sufficiently large to, then tan 0* = tan 8 and ¢* = q a.e. on (0, 7).

Later on del Rio, Gesztesy and Simon found the following related statements
(see also [4]):

Theorem 1.6 ([3]). Let on and op be the spectrum of (1.1)-(1.3) with a = 0,
respectively o = 5. Let Sy Con, Sp Cop and 0 <~y < 1. If

(115) #{)\ESNUSDZ>\<t0}>(1—’)’)#{>\€O'NUUDI>\<to}

holds for all sufficiently large to, then Sy, Sp and g on (0,7) determine q a.e.
on (0, 7).

Theorem 1.7 ([3]). Let 01,029,053 be the spectrum of (1.1)-(1.3) with a1, sz, as in
(1.2). Let S; C o; satisfying

(1.16) #{Ne€S1USUSs: A<t}

2
25#{)\601U02U03:)\<t0}

for all sufficiently large to. Then Si,S2,S3 determine q a.e. on (0,7).

We will prove the following generalization of the above-mentioned result of Borg
and Theorems 1.4-1.7 (formulated on the segment (0, )):
Theorem 1.8. Let 0, j = 1,...,N, be the spectrum of (1.1)-(1.3) with «; in
(1.2). Suppose that )\53) € oj is known for n € S; and denote

nit)= y 1
M <t?, nes;

fort>0. Let 0 < a <m, 0< v <1, and suppose that there exist to >0 and § > 0
such that for t > tg

2= {r[t+3l+A-N(+3)}+0 ()

N o
| if sinf3 # 0,

(1.17) ;"ﬁ(t) T 2(-2) [+ 2]+ - (1 + 3} —1+0 ()
if sin@ = 0.

Then q on (0,a) and the eigenvalues {)\g) 'n & Sj} , j=1,...,N, determine

q a.e. on (0,m).
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The counterpart for the Dirac case reads as follows:
Theorem 1.9. Let 05, j = 1...,N, be the spectrum of (1.8)-(1.10) with o; in
(1.9). Suppose that AP e oj is known for n € S; and denote
> 1 if t>0,

0<n<t, n€Ss,;

- > 1 if t<O.

t<n<0, n€S,;

n;(t) =

(Thus, we will not count the value n = 0.) Suppose that the sets S; are almost
symmetrical, i.e. thatn € S; implies —n € S; with finitely many possible exceptions
and that the limits

~
(1.18) thm n]T() =7;
exist for j =1,... ,N. Denote by d the number of indices j with 0 € S;.

Let p e R,0<a<m tg >0, 6§ >0 and € > 0 be arbitrary numbers. Suppose

finally that
>2(1—-2)[t]—d+pu—1+e+0(t79)

(1.19) zN:ﬁ»(t) it > b,
. j=1 ! <_2(1_ )[ ]+:U_2< )+O(|t| 6)
th < —tp.

Then V on [0,a] and the eigenvalues {)\g) in € Sj}, j=1,...,N, determine V

on [0,7].
2. PARTIAL INFORMATION ON THE POTENTIAL

In this section we will prove Theorems 1.3, 1.8 and 1.9. Though Theorem 1.3
might exist somewhere in the literature, I was not able to find it, so I will provide
a proof. In order to do so, we need the Green function (or Green matrix) of the
problem (1.8)—(1.10). It has the form

(o]
u(x, Ap)ut (y, A\n)
(2.1) Gz, y,\) = p.V.Z O A M.
where u = (Z;), pv.y. = hm Z The sum is convergent at every point (z,y)

*’OO
and the convergence is locally unlform outside the diagonal x = y. Consequently
the Green matrix is continuous for z < y and x > y, and the sum can be expressed
in closed form (see e.g. Levitan, Sargsjan [10]):

W(}\) u(z, Mot (y, \) ifz <y,

22) ClayA) = { v(z, \uT (y, \) ity <.

W()\
Here v = (Z;) and
W(A) = uy(z, Nva(z, A) — ua(z, Nvy (2, A).
This function W is independent of = since
W' =ujvy — uhvy + urvh — ugv] = (V —m — N)uagve
— A=V =m)usvy + A=V —m)ugvy — (V. — m — Nugve = 0.
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Lemma 2.1.
* dp(t
G11(0,0,\) = sin? o 'p.v./ ﬂ
oo At

. sin o
=sinacosa —

m(A\)sina + cosa’
where G11 is the left upper element of the matriz G and p,v.ffooo =limp_ e ffR.
Proof. We are looking for the value of the jump
G11(0,0+0,A) — G11(0,0, A).
By definition

Uy yv
G11(0,y,\) =sina - p.v. Z 20 )\
Recall the asymptotical formulae
@ |SA|z
(2.3) up(z, A) = sin ()\x—/ V—i—a) +O(W)’
0

T |SA|z
(2.4) us(x, \) = — cos ()\x —/ V+ a) +0 (6|T|> , Al = oo,
0

with remainder terms uniform in x and
1

2 _
an77r+0(1+|n|),

see [0]. Since a2 (A — \,) = —mn + O(1), we see that G has the same jump as

) sin()\ny—fyv-i-a)
(2.5) sina - p.v. Z U
= —mn

(because the difference is continuous). Now consider the eigenvalue asymptotics:

] 1 4
2. A=n+240 . 9=0— ;
(2.6) n+7T+ (1+|n|> 0 a+/0 V.

We get

Sin(/\ny—/oyV-l-a):sin(ny-l-a( )+0(1+1|n|>)

19 Yy
a(y):—y—/ V+a
m 0

So (2.5) has the same jump as

: sin(ny + a(y))
(2.7) sina - p.v. Z —
n#0
. 2 X sinny
=sina - cosa(y) - — Z —

n=1
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It is known that ioj % is the Fourier series of =¥ on (0,27), extended 27-
periodically. Frogl_z = 0 to y = 0+ it has a jump Z, so (2.7) has a jump
—sinacosa. Consequently by (2.5)

-1
Wiy
B sina v1(0, \) B —sina
T sina v(0,\) +cosa v1(0,A)  m(A)sina + cos

G11(0,0,\) —sinacosa = 0, A\)v1(0, \)

as asserted. O

Lemma 2.2.

G92(0,0,\) = cos? o - p.v./ il\p—g

m(\) cos

= —sinacosa + - .
m(A) sina + cos a

Proof. Repeating the above reduction process we get that Goo has the same jump
as the series

cos(ny + a(y)) 2 o= sinny
cosa - p.v.Z —_— = cosozsina(y)—z .
= —n TS n

So this jump is sin @ cos & and then
cosa v2(0, \)
sin a v2(0, \) 4 cos o v1(0, \)
m(A) cos a

G22(0,0,\) +sinacosa =

- m(A\)sin o + cosa

and we are done. O

Now the next statements follow immediately:

Corollary 2.3. a) Ifsina # 0, then

/°° p(t) 1 1

. —— =cota — — - .
Ceo At sina m(\)sina + cos a
b) If cosa # 0, then

v /00 _dp(t) = —tano + ! m(3)
p-e A—t cosa m(A)sina + cosa’

— 00

* dp(t)  m()\)cosa —sina
p-e o A=t m(N)sina+cosa’

Corollary 2.4. The spectral function defines tan a and the m-function, and con-
versely, the m-function and tana define the spectral function.

Proof. The spectral function determines the mod 7 value of «, i.e. tanca, hence
by Corollary 2.3 c) it also defines m(X). Conversely, m(A) and tan« define the
transform p.v. ffooo ‘{\”Ett) and then they define p(t) itself by the Stieltjes inversion

formula, see [10]. g
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Proof of Theorem 1.3. Define a boundary condition at = 0 with « = 0. Then by

Corollary 2.3 b) m(\) = p.v. ffooo d/\p—itt), and this defines p by the inversion formula.

From p we determine V' and tan 3. We are done. O

Next we analyze the growth properties of some infinite products in order to prove
Theorems 1.8 and 1.9. Consider a sequence of arbitrary values

(2.8) Av=n+0(1), nez

Let S be a set of integers, almost symmetric with respect to the origin. This means
that

(2.9) SCZ, neS=-necf

with finitely many exceptions. Denote further

1 if t >0,
2.10 ns(t)y=4¢ OSis
(2:10) st)=1_ S 1 ift<o.
t<A, <0

Lemma 2.5. Suppose (2.8), (2.9) and that A\, # 0 for n € S. Then the product

ws(z) = po. [] (1 - ;—n)

nes

converges locally uniformly and defines an entire function with zeros \,. Further
we have

oS} 2
ng(t) |z|* — at
2.11 | = p.v. dt
(2.11) n|ws(z)| = pv /_ t eP-2at+ 2

B * ns(t) y? —a(t — )
_]).1)./7oo " y2—|—(t—x)2dt

where z = x + 1y.

Proof. The locally uniform convergence of the product follows from the simple
estimate
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To show (2.11) we integrate by parts

(2.12) In|ws(2)|* = p.v. Zln
2 2
= p.v. Zln((l——n) +§—2>
52
= p.v. Zln(l—— |/\—|2)
o] 2 2
= p.v./ In (1— i 2 )dns(t)

2 2 >
— pv. [m (1 - Tx + %) ns(t)} N

From

oo Bz
Inws(z)] = pv. / ns(t) — Lt

2
-0 _Tx+_2

O

Lemma 2.6. If we shift the zeros by O (%), the order of magnitude of wg remains
the same, except near the zeros. In other words, if

1 z
;= n 1> ; ’ S = -U. 1-— )
Al =) +O<n> An #0, wg(z) = po II ( )\*>

then for every d > 0,
lws(2)| < |lws(2)] if |z —An] >0, |z — A, > 3§ Vn.

The notation < means that both ‘wS(z) and ‘ZSE ; are bounded.
Proof. We have to show that
(2.13) In |w§(z)] — Injwg(2)]

is bounded whenever |z — A, | > § and |z — A%| > 6. For bounded z, In |w¥(z)| and
In |wg(z)| are both bounded, so we can suppose that |z| is large, say, |z| > K. By
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the formula (2.11) we have

(2.14) In |w§(z)] — Injwg(2)]
[ () () -l a)
o [ O ns) st

Here M takes values of order O (%) in segments of length O (%), where
t = O(n), otherwise it is zero. It implies first that the integral in (2.14) is convergent

also in the ordinary sense. Secondly, 1 implies that

y2
P S

[e%s) TL* —n 2
(2.15) /m 5() : s(t) y2+é/t_x>2dt: 0 <Z %) —o(1)

uniformly in z (we used the fact that ng(t) and n¥§(t) are zero near t = 0). So it
remains to prove that

o t y+( )
(2] = K, |2 = An| > 6, |2 — A5 > 6)

uniformly in z. If z is bounded, then y is large, so
x(t — x) t—x
Ao O () —ow

and then an estimate of the type (2.15) applies. Hence we can suppose that x is
large, e.g. |z| > K/2. Consider only > K/2, since the case of negative z is similar.
Split the integral (2.16) into four parts as follows. If ¢ > 37‘”, then 22— _zt

y2+(t—x)2 y2+t27
hence in (2.16)
(o)
AL
2

uniformly in [z]. If £ <t < 3%, then y? + (t — 2)? cannot be arbitrarily close to
zero on the segments between A’ and \,, hence

x(t — x) _0 xln — x|+ x ——
y?+ (t—x)? y?*+(n—z)?+1
and then in (2.16)

//\
o

Zk‘Qy—i—kQ\ ZkQ

k>3 k>3

H—%<t<%ﬂwuﬁ€%2Xwi¢=00>m“ﬂfﬁ

then —=—2) — so in (2.16)

T < e
Ckz k2 Yy +k‘2\ Zy +k2\c

x
2

This proves (2.16) and we are ready. O
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Lemma 2.7. Under the conditions of Lemma 2.5 we have for fized x

(2.17) hqwsun::/fw7“j” y;itht+(X1) (Jy| — o).

The O-term is locally uniform in x.

Proof. We have to transform (2.11) into (2.17). First,

/°° ns) [ v v
oot PP (E—2)? Y2422

> 22 +2J¢] ||
<c 2 dt
/_ooy P+ + (t—2)2)

and here
o] 2.2 o]
Yz 9 dt
dt < = 0(1),
| ettt | e mow
2
Y-t |z| / |t]
dt < |z| ———=dt = O(1),
-AKW|@2+ﬂ)@”+@—$V) t<lyl ¥° + 1
2
eIt || 5 It]
dt < cy®|z| —dt = O(1).
/t|>|y| (2 +12)(y* + (t — 2)?) t1>1yl B
So it remains to show that
o0
ng(t) t—z
2.18 V. dt = O(1
(2.18) pv/m =00 (sl = e0)

locally uniformly in z. From (2.8) and (2.9) we see that
ng(—t) = —ng(t) + O(1).
Taking into account that A, # 0, we get

* ng(t) t—z
V. dt
pv/foo toy?+(t—x)?

A e el

<1 Jt+a
(0] - dt ).
- (/5 PPt ()2 )

*1  |t4aql /w dt
S e S —— = 0(1).
/5 t Rtttz ), Pt (1)

t—x t+x
V(-2 2+ (it )
—2zy% + (t — x)(t + x)2z
[v? + (t — 2)?][y* + (t + 2)?]

- (o)

Now we have

Furthermore
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and then

[ [y P R R x)?] &

~o([ i) —ow

O

Finally we need a classical estimate of Levinson and a Phragmén—Lindel6f-type
result:

Lemma 2.8 (Levinson [§]). Let z,, n > 1, be complex numbers with

(2.19) lim — =D €R.

n—00 Zp
Suppose further that for some ¢ > 0

(2.20) |2 — 2m| = ¢|n —m].
Let

then for any e >0, asr = |z] — o0

(2.21) F(rei*) = O (emPrisimelter)
and
(2.22) # =0 (e‘”DrlSin‘PH”) if |re" —zn| > E c.

F(ret) "
Lemma 2.9 (Levin [11]). Let F(z) be an entire function of zero exponential type
i.e.

In M A

(2.23) lim sup n M(r) <0, M(r)=max |F(re“")‘ .

r—00 r ©

If F(z) is bounded along a line, then F(z) is constant. In particular, if F(z) — 0
when |z| — oo along a line then F(z) = 0.

Proof of Theorem 1.9. Step 1. Introduce the function

U1 (av Z)US (a’a Z) — UT (av Z)UQ(GH Z)

F(z) = N
I1 p;(2)
j=1
z
where p;(z) = p.v. H (1 - m)
nes; Ari
If A7) = 0 we write z instead of 1 — ﬁ The denominator of F(z) has only

simple zeros since the eigenvalues AS ) are generated with a fixed right boundary
condition. The values )\%]),n € S, are zeros of the numerator, too, so F(z) is an
entire function. Indeed, denote by (u1 j(z, \), u2 ;(x, X)) the solution of (2.1) with

UL]’(O, )\) = SinOéj7 UQJ(O, A) = — COSO{j.
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Since V* =V on [0, a],
uj j(a,\) = u1 j(a,N), wus;(a,\) =uz;(a,N).

Since )\%j ) = )\%j ) is an eigenvalue, the vectors

(ulﬁj(x,)\glj)), u27j(x,)\§lj))) and (vl(x,)\glj)), vg(x,)\glj))),
on the one hand, and

(ui @A), ws @A) and (v ), vi(@AD)),
on the other hand, are parallel. Hence

V3 (a,)\slj)) ug’j (a, )\g)) Ug,j (a,)\slj)) Vg (a, )\g))

v} (a,)éﬁ) a uj ; (a, /\53')) - ur; (a,)éﬁ) - o (a, /\%j)).

So F(z) is an entire function indeed.

Step 2. We estimate the numerator of F'(z) using (2.3), (2.4):

U1 (a’a Z)U; (av Z) - UT (av Z)UQ(GH Z)

:sin(z(ﬂ—a)—/WV—ﬁ>cos(z(w—a)—/wV*—5)

a a

_sin(z(w—a)—/wV*—ﬁ)cos(z(w—a)—/wV—ﬁ)

a a

2|Sz|(r—a)
+ o<7e )
|2
™ 62|%z|(71'7a)
:sin/ (V*—V)+0 (T) .

From a < 7 we know that this function has infinitely many real zeros and the zeros
are not bounded. This is compatible with the above estimate only when

sin/ (V*=V)=0
and then
62‘32‘(7"_a)
v1(a, 2)vi(a, z) — vi(a,z)ve(a,z) = O (T) )

Step 3. We estimate the denominator of F(z). By Lemma 2.6

s ()| = 1B (2)] if |2] =6, >4 forn €S,

9.
z—n— -
s

where

ﬁj(z):P-V-H<1— - ) 19j=6—aj+/ov.

Y4
nes; n+ Ea
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Again, if n + + %=

k3

use

to obtain
~ v _
pj<z+?]>=pj(z)-cj, pj(z) = p.v. || (1——)

We handle the case n = 0 € S; as above. Arrange the values n € §; in an increasing
sequence zx. Since n;(z;) = k + O(1), we have

Bl o)y (ko)

2k 2k
Now the almost symmetric property of S; implies a lower estimate by Lemma 2.8:
for every € > 0 there exists a ¢ = ¢(g,d) > 0 such that

pj(2)| = ce™il3==¢lzlif 2 —n| =6 for nesS;.

(If the product p; is finite, this estimate follows immediately.) By the above con-

siderations
~ 9 S
pjz— ) > Ceww1|\sz| 2¢|z|
™
- \n

> 6 hold for n € S;. Hence the

Ip; (2)] = [Pj(2)| =

for |z| large enough, if ‘z —-n— %‘ >4,
whole denominator of F has a lower estimate

N
m™ Y v;|Sz|—2eN|z| e
H |pj(2)| >ce 7 > 662(71' a)|Sz| QEN‘Z‘.

By Step 2 this means that
-y
|F(2)] < ce®NHVeL for |2] large enough, if ‘z —n— —J‘ >4
7r
=9[>0 holdfor nes;

Here € > 0 is arbitrary and § > 0 can be chosen so small that the excluded circles
of radius ¢ are disjoint for large |n|. Consequently the maximum modulus principle
shows that

|F(2)] < ce@NFDell 5 e C.
This means that F'(z) is of zero exponential type.

Step 4. We show that
F(iy) — 0 for |yl — oo.

9
y - ) |y| — 0.
7
Furthermore, Lemma 2.7 states

(. ¥ - .
Dj <zy - ﬁ)‘ = |p;(iy)|, ly| — oo.

In Step 3 we proved that

Ip; (iy)| < |p; (iy)| =<
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Consequently the denominator of F' can be estimated as follows

N ~
NN Ynt) P
T st = e ([~ =20 2

j=1
if 0 € §; is fulfilled d times. Now we have

oo Iy 2 -1 7 2
Ty
1 t y2+t2 —00 t y2+t2

sin(miy)

=In

Y

\=ﬂm—mm+oax

because of the known formula

sinz r:[ (1 - _)

and (2.11). On the other hand

S| 2 > 71 t
/ g thz/ (———2 2)dt
.t Y24t 1 t oyt

1
=3 In(y® +1) = In|y| + O(1),

and analogously

—1 1 2
/ S R V- —Inljy| + O(1).

oot y? T2
From inequality (1.19) we infer
ot v

” +t2dt> 2(m —a)ly|

( 2(1- ;)/ 2( ——)—d+u—1+€)—u)ln|y|+0(1)

=2(r—a)lyl+ (-1+e—d)Infy| + O(1)
and then
N
T 123 Gi)] > elyl~Hee2E=all - (jy] — o).
By Step 2
' ' ' ' e2(m—a)ly|
[v1(a, iy)vs(a, iy) — vi(a, iy)va(a, iy)| < Tl
and then

F(iy) =O(ly|™) =0,  |y| — oo

Now Lemma 2.9 implies

or
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From V* =V on [0, q] it follows that

<
V)
—
=

I3
~

4

_ _v3(0,2)
N S A I B
By Theorem 1.3 this implies V* =V on [0, 7]. O

Proof of Theorem 1.8. It is analogous to the above proof, so we only mention the
main points. Since infinitely many eigenvalues of ¢ and of ¢* are the same, from a
well-known eigenfunction asymptotics (see e.g. [10], Ch. I) we get that

(2.24) /Oﬂ(q* —q)=0.

Again by the standard eigenfunction asymptotics method of [I0] we get for sin 5 # 0

sin s(m — x)

v(x, A) =sin Bcoss(m — ) + (Cosﬁ—f'sinﬁ. /’T %>

(e%suw—x))

to(——],

|s]

v'(z,\) =sinf-s-sins(r —x) — <cosﬁ+sinﬂ~ / %) cos s(m — x)
T

+o (e\ssuw—x)) :

S

where A = 52 and s — 0o along any ray arg s = const. Analogously, for sin 3 = 0

o(@, ) = cos 8 <sins(7r —az) coss(7; — ) /: g)

S s 2

6\$s|(7rfz)
+o ().

v (2, \) = —cos 3 <Coss(7r—x)_|_ w/; g)

S
<ess|<wz>>
+o| ———— |.
|s|

Combining this with (2.24), we finally obtain

/

(2.25) v(a, 2)v* (a,z) —v*(a, 2)v'(a, 2)
o 62|%\/5‘(”*a)) if sinfg #0,
o () if sing=0.
The denominator of F(z) can be estimated by

VO

y2+t2

N o TN
hll']_[pj(z'y)I:/1 Zj:lt ( dt + 0(1).
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Now

[ wy—jﬁdf‘ln\ﬁ( - 2]+ o

sin /1y T 1
:1n‘7 0(1) = = /Iyl — =In|y| + O(1),
2T+ 0(1) = Zo vl — 3 bl + O()
00 t 1 2 oo .
/ [Vi+ 1] 23/ th:m’H 1_% ‘+0(1)
1 t Y=+t o (n+3)

=In|cosm/iy| + O(1) = %\/m—l- O(1).

So by (1.17) in the case sin 3 # 0 we obtain that

N
In | Hp](zy)| > 2(r —a) % +0(1)

which means by (2.25) that

(2
It

.26) F(iy) — 0 (y — 00).

sin 8 = 0, then similarly

In| ﬁpjuy)\ > o —W@—mm +o(1)

and from (2.25) we get (2.26). Since (2.26) implies F'(z) = 0, we are ready. O

10.
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